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C H A P T E R  1  

Introduction 

BACKGROUND 

Surface erosion of roadside embankments due to rainfall has led to failures of embankments, disruption of 
traffic, and contamination of the downstream water body by surface runoff. Various erosion control 
methods have been used, such as silt fences and compost erosion blankets with vegetation. These traditional 
erosion control measures present various challenges (e.g., establishing and maintaining vegetation is highly 
weather dependent). The cost of irrigation is high to maintain vegetation on road embankments in arid 
regions, while in wet regions mowing vegetation in highway medians and on embankments is costly and 
poses a danger to operators and motorists. Synthetic turf with sand infill, as shown in Figure 1, is an 
innovative surface erosion control and protection material and can potentially address the above challenges. 
It is easy to deploy and cost effective. The synthetic turf is made of high-density polyethylene (HDPE) that 
has prolonged service life; sand infill helps hold down the synthetic turf layer and provides a natural 
appearance. Although this technique has been successfully used as landfill cover in more than 20 states in 
the United States, a potential issue of this erosion-control product and technology is potential erosion of the 
sand infill due to runoff (Zhu et al. 2019; O’Malley et al. 2019).  

 
Figure 1. Synthetic turf with sand infill. 

In these natural or engineered environments where vegetated surface layers are used, soil erosion 
and sediment transport in vegetated channels and slopes are common phenomena and pose unique 
challenges. They can lead to increased cost and failure in conservation and engineering applications. 
Accurate and reliable predictions of flow characteristics and sediment transport through vegetated wetlands, 
floodplains, and meadows are critical to the success of such projects in terms of their design, 
implementation, and maintenance. 

Flow and sediment transport through synthetic turf bear substantial resemblance to vegetated 
channel flows. However, extensive studies of flow through vegetation have only considered cases with 
significantly lower vegetation density than that of synthetic turf, and no studies have investigated the effect 
of steep slopes on hydrodynamics and sediment transport through vegetation. A myriad of studies have 
been conducted to examine the complex flow characteristics through and near vegetated patches. A review 
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of the state of knowledge of mass transport through aquatic vegetation can be found in Nepf (2012). In 
general, for dense, submerged vegetation such as the case expected for grasses over steep slopes 
experiencing flooding, two separate turbulence zones appear (Raupach et al. 1996; Belcher et al. 2003; 
Coceal and Belcher 2004; Nepf et al. 2007). The lower zone, characterized by weak turbulence, is a function 
of individual vegetation element size (stem-scale turbulence) and vegetation density. The upper zone is 
characterized by stronger turbulence with a larger length scale as a function of the bulk canopy 
characteristics (canopy-scale turbulence). The transition between the upper and lower zones occurs 
somewhere along the height of the vegetation and varies with drag coefficient and vegetation density. The 
implication is that soil grains near the bed (i.e., in the lower zone) may not be mobile due to weak 
turbulence. Conversely, grains that are protruded into the upper zone can be more easily transported farther 
downstream. In the specific case of dense, shallow submerged vegetation, in which the ratio of water depth 
to vegetation height is less than 5:1, only canopy-scale vortices exist and dominate both within and above 
the vegetation (Ghisalberti and Nepf 2005; Ghisalberti and Nepf 2009). In this case, there is negligible 
stem-scale turbulence that would limit turbulence-induced stress near the bed. 

Even with the understanding of hydrodynamics through vegetation, no predictive models have been 
reported in the literature specifically derived for sediment transport through vegetation. Only limited studies 
on the subject have been reported (Yager and Schmeekle 2013; Tinoco and Coco 2014; Yang et al. 2015; 
Yang et al. 2016; Tinoco and Coco 2018; Yang and Nepf 2018). Most recently, Yang and Nepf (2018) 
proposed a turbulence-based approach to estimate sediment flux through emergent vegetation. Although 
the work highlighted the utility of a turbulence-based predictive approach, proper estimation of turbulent 
kinetic energy requires detailed measurements of velocity fluctuations and poses difficulties in application. 
Furthermore, one limitation of previous studies is the scarcity of vegetation. One common measure of stem 
or blade density is the frontal area of vegetation per unit volume, a = d/Δs2, where d is the average stem 
diameter and Δs is the average spacing of the stems. In previous studies, a was as high as 17.3 m-1 (Yang 
et al. 2015) with the majority of cases far below that value. As will be shown, the engineered turf considered 
in this study has a much larger stem density of a = 63.5 m-1. In addition, no studies have considered the role 
that steep bed slope may play in altering mobility. These limitations may not fully capture natural sediment 
transport characteristics on steep, densely vegetated embankments or turf emplaced over vulnerable soils. 
Furthermore, the evolution of the grain size distribution of the bed material with flow history is often 
overlooked, although this factor has been found to be critical in prediction of sediment fluxes through open 
channels (Powell et al. 2001; Wilcock and Crowe 2003). 

OBJECTIVES 
 
The objectives of this project are to (1) identify the critical flow velocity and critical hydraulic shear stress 
that initiate erosion of various sand infills placed in synthetic turf due to runoff; (2) identify the sizes of 
particles that are washed out of the synthetic turf; and (3) evaluate the erosion of the subgrade soils beneath 
the synthetic turf layer on embankments. The objectives will be achieved through large-scale flume testing. 
The research outcomes can be directly used to evaluate the effectiveness of this product as a surface erosion 
control measure on roadside embankments and to provide optimum design for best performances. 

DATA AND DATA STRUCTURES 
Data of flume testing were gathered, numerical modeling was conducted, and results were presented.  They 
are included in Chapters 2 through 4. 
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C H A P T E R  2  

Experimental Methodology 

INTRODUCTION 
This section of the report describes the experimental methodology used to conduct flume testing on 
mobilization and erosion of sand infills in synthetic turfs.  

Overview of Test Apparatus  
An experimental test apparatus (flume) was built for the purpose of conducting the testing referenced herein 
at the Civil Infrastructure Testing and Evaluation Laboratory (CITEL) within the Department of Civil and 
Environmental Engineering (CEE) at The Pennsylvania State University (Penn State). The flume has a 
rectangular cross-section with 30-ft length, 2-ft width, and 1.5-ft depth (Figure 2). The flume is capable of 
being tilted to a maximum slope of 30%. Water is circulated through the closed-loop flume via a horizontal 
pump capable of delivering a maximum of approximately 260 gpm at maximum slope. At the extreme 
upstream edge of the flume, water discharges via a free-fall into a momentum-reducing gravel filter that 
occupies 2 ft of the flume’s length. Downstream, water discharges via free-fall into a settling tank in which 
eroded material is captured. Overflow from the settling tank flows into a storage tank from which the 
pump’s suction line draws water to recirculate through the system. 

 
 

 
Figure 2. Overview of the test flume. 
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Measurements of flow rate were obtained during testing via a calibrated differential piezometer and 
manually using a stopwatch and container of known volume. Bed elevation measurements were obtained 
via a point gauge. Eroded sediment that exited the flume was collected in a settling tank after each run. The 
dry mass of eroded sediment was then measured using a scale. 

Infill and Turf Characteristics 
Four different soil infills were tested, and their characteristics are listed in Table 1. The engineered synthetic 
turf consisted of a double-layer woven geotextile tufted with synthetic grass blades. Pairs of adjacent blades 
were spun lengthwise to create approximately cylindrical stems. Each stem had a height of h0 = 35 mm and 
average diameter of d = 3 mm. The average spacing of the stems was Δs = 6.88 mm. This results in a stem 
density, a = 63.5 m-1, and solid volume fraction, φ = (π/4)ad = 0.15.  

Table 1. Details of the test soils including the dry specific gravity (SG), median grain size (D50), 
coefficient of uniformity, Cu, coefficient of curvature, Cc, and gradation classification. 

Soil Soil 1 Soil 2 Soil 3 Soil 4 
Dry SG 1.96 2.85 2.64 2.6 

D50 (mm) 1.577 1.406 0.695 0.694 
Cu 23.3 23.0 8.0 4.7 
Cc 1.3 1.3 0.6 0.8 

Gradation Well Well Poorly Poorly 

Test Procedure 
Before testing, a geomembrane was placed in the flume with the edges sealed to the bottom of the flume to 
ensure no water flowed below it. Then, the engineered synthetic turf was placed above the geomembrane, 
and the spikes on the geomembrane prevented the turf layer from sliding on the steep slope. Once the turf 
was placed, a known mass of sand infill was evenly spread over the turf layer to an average thickness of 13 
mm measured from the bottom of the turf. The soil was dampened using a hose and nozzle to aid in 
settlement of the soil grains between the turf stems, and initial bed elevation measurements were obtained. 
Then, the pump was turned on and water flowed over the turf layer in four 30-minute durations, with each 
flow duration having a progressively higher flow rate. For each 30-minute test, the eroded sand was 
collected from the downstream tanks. The combinations of four soil types with four flow rates resulted in 
a total of 16 tests. 
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C H A P T E R  3  

Findings 

EXPERIMENTAL RESULTS 

Table 2 lists measured and computed flow results for each test, which include flow rate, average water 
depth, and average flow velocity. The average flow velocity was computed as: 

𝑈𝑈 =  
𝑄𝑄
𝑏𝑏𝑏𝑏

 Equation 1.

 
where U is the average velocity, Q is the volumetric flow rate, b is the flume width, and H is the average 
water depth. 

Table 2. Test summary and measured results. 

Test Soil Flow rate 
(m3/s) 

Average water 
depth (mm) 

Flow Velocity 
(m/s) 

1 Soil 1 0.0097 38.1 0.4493 
2 Soil 1 0.0109 38.1 0.4990 
3 Soil 1 0.0137 39.6 0.5966 
4 Soil 1 0.1052 44.5 0.5847 
5 Soil 2 0.0086 30.2 0.5049 
6 Soil 2 0.0109 39.6 0.4798 
7 Soil 2 0.0128 41.1 0.5395 
8 Soil 2 0.0151 46.0 0.5633 
9 Soil 3 0.0100 38.1 0.4615 

10 Soil 3 0.0120 44.5 0.4677 
11 Soil 3 0.0133 46.0 0.4988 
12 Soil 3 0.0160 49.1 0.5583 
13 Soil 4 0.0077 43.0 0.3196 
14 Soil 4 0.0113 43.0 0.4588 
15 Soil 4 0.0142 41.1 0.5948 
16 Soil 4 0.0151 46.0 0.5617 

 
The volume of sediment eroded per unit time, i.e., the volumetric sediment flux, Qs, was computed 

for each test based on the measured mass of eroded soil, m, soil grain density, ρs, and run time, T, as: 
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𝑄𝑄𝑠𝑠 =
𝑚𝑚
𝜌𝜌𝑠𝑠𝑠𝑠

 Equation 2.

 
The measured sediment flux is shown in Figure 3. Soil 3 and Soil 4 follow similar trends of 

decreasing sediment flux with increasing flow rate. Note that the increasing flow rates are in sequence. 
However, Soil 1 and Soil 2 follow a distinctly different trend for the third and fourth (higher) flow rates 
during which sediment flux increased. The unique trends observed in Figure 3 are explored further in the 
following sections. 

 

 
Figure 3. Volumetric sediment flux, Qs, versus flow rate, Q, for each of the four soil types. 

Grain size distributions of the eroded soil collected from the settling tank are shown in Figure 4 
(a)-(d). Based on the initial gradation of each soil and the grain size distribution of the eroded soil, the 
evolution of the bed gradation was computed and is presented in Figure 4 (e)-(h). 

To obtain these distributions, each soil was classified into seven grain size classes ranging from 
0.075 mm to 9.5 mm corresponding to standard sieve opening sizes. An additional grain size class was then 
extrapolated to correspond to the grain size at which zero percent of the grains were finer. With a known 
initial mass of soil in the flume, Mt,i, the mass of soil of each size class, Mk,i, was computed. Here, the 
subscript k indicates the soil size class, and the subscript i indicates the flow rate number ranging from one 
to four. The total eroded soil mass after each flow, Et,i, was also discretized into masses of individual size 
as Ek,i. The remaining bed material after each flow had a size distribution based on: 

 

𝑓𝑓𝑘𝑘,𝑖𝑖 =
𝑀𝑀𝑘𝑘,𝑖𝑖−1 − 𝐸𝐸𝑘𝑘,𝑖𝑖

𝑀𝑀𝑡𝑡,𝑖𝑖−1 − 𝐸𝐸𝑡𝑡,𝑖𝑖
 Equation 3.

 
where fk,i is the fraction of grains finer than size class k after flow i. 

Note that in Figure 4, the remaining soil in the flume after each flow was on average coarser for all 
tests. For Soil 1, Soil 3, and Soil 4, generally finer material eroded during earlier flows, but for Soil 2, the 
final flow eroded the finest-graded soil. Generally, the soils with the highest sediment flux (Soil 3 and Soil 
4) resulted in the most obvious changes to bed material gradation. 
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Figure 4. Grain size distributions of: (a)-(d) eroded soil after each flow, and (e)-(h) the  

soil that remained in the flume after each flow. 
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C H A P T E R  4  

Numerical Analysis 

ANALYSIS AND DISCUSSION 
The measured sediment flux for each test (see Figure 3) falls into two broad classes. First, Soil 3 and Soil 
4 had ever-decreasing sediment flux with increasing flow rate. Soil 1 and Soil 2, however, had an increase 
in sediment flux for the two higher flow rates. The latter trend for Soil 1 and Soil 2 is consistent with 
previous studies of fluid-induced shear stress and sediment mobility in which higher flow rates result in 
higher bed shear stresses and higher erosion rates. The unique trends observed in Figure 3 are assessed in 
this section as well as the ability of existing sediment transport models to predict the observed behavior. 
Finally, an updated predictive equation is proposed based on the measured results.  

Stages of Sediment Mobility 
In natural channels, sediment self-organizes by grain size, affecting the mobility of all grains across the 
spectrum of sizes (Powell et al. 2001; Wilcock and Crowe 2003). Large particles protrude into the flow 
field, thus experiencing higher fluid drag, and smaller particles are shielded by larger ones. Additionally, 
in vegetated channels, smaller particles are protected by individual vegetative elements, and larger particles 
can be physically obstructed by vegetation (snagging), thus reducing the mobility of all grain sizes.  

For the particular cases tested, sediment was spread using scoops and brushes (similar to the 
procedure in the field), and only damped before initial tests were run; no initial low-flow condition was run 
to aid in sediment settlement between the vegetation elements. This meant that larger particles may have 
had additional exposure to the flow by being vertically elevated from the flume bed, and smaller particles 
had not nested behind larger particles and the grass. Figure 5 illustrates this phenomenon. In the figure, 
there is artificially high exposure of some grains on the initial bed (as highlighted by red circles). 
Additionally, smaller grains had not yet nested behind larger ones (yellow, dashed rectangles in Figure 5). 
After the first flows were run over each soil, the bed had self-organized, as observed in natural channels 
with nonuniform bed material. Finally, as sediment was scoured, on average finer grains were transported 
first (see Figure 4), resulting in overall coarsening of the bed material (cyan, dash-dot hexagons in Figure 
5).  

To better describe the infill sediment transport process, a conceptual model is presented in Figure 
6 to illustrate these stages. First, exposure of sediment to the flow is artificially high due to the sediment 
application procedure. Second, bed sediment self-organizes and follows the expected trend of increasing 
sediment flux with increasing flow rate and shear stress. Finally, the remaining bed material becomes 
progressively coarser, limiting its mobility. 
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Figure 5. Photographs of the bed for Soil 4 tests. Red circles highlight locations of particles 
elevated by the grass of the initially lain bed; yellow, dashed rectangles indicate locations  
of exposed finer particles not protected by larger particles; and cyan, dash-dot hexagons  

indicate areas in which bed coarsening is observed. 
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Figure 6. Conceptual model of the bed sediment condition, including (a) the initially  
high exposure of particles snagged by the grass stems above the bed, (b) the sorted  
bed material after the initial washout of exposed particles, and (c) the coarsened bed  

after finer material was eroded during earlier runs. 

Effect of Grain Size Distribution 
The trend described in the previous section is particularly evident for Soil 1 and Soil 2. For those cases after 
the initial washout of particles with artificially high exposure, the bed gradation had no change in mean 
grain size, D50, and coefficient of uniformity, Cu, as seen in Figure 7. Conversely, Soil 3 and Soil 4 had 
significant changes to the mean grain size and gradation uniformity until the last flow.  
 

 
Figure 7. (a) the median grain size, and (b) the coefficient of uniformity after each flow. 
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Generally, sediment with larger mean grain size requires higher shear stress to mobilize. Thus, the 
sediment flux is proportional to the applied bed shear stress above a threshold stress based on mean grain 
size as:  

 
𝑄𝑄𝑠𝑠 ∝ [𝜏𝜏∗ − 𝜏𝜏𝑐𝑐∗(𝐷𝐷50)]3/2 Equation 4.

where Qs is the volumetric sediment flux, τ* is the dimensionless applied shear stress, or Shields number, 
induced by the flow, and 𝜏𝜏𝑐𝑐∗(D50) is the dimensionless critical threshold shear stress as a function of mean 
grain size. This dependency was expressed by the Parker et al. (2003) modification to the Brownlie (1981) 
curve as: 
 

𝜏𝜏𝑐𝑐∗ = 0.5 �0.22𝑅𝑅𝑅𝑅𝑝𝑝−0.6 + 0.06 ∙ 10�−7.7𝑅𝑅𝑅𝑅𝑝𝑝−0.6�� Equation 5.

where Rep is the particle Reynolds number defined by: 
 

𝑅𝑅𝑅𝑅𝑝𝑝 =
�𝑅𝑅𝑅𝑅(𝐷𝐷50)3

𝜈𝜈
 

                   Equation 6.

 
Here, R = ρs/ρw - 1 is the submerged specific gravity of the soil, ρs and ρw are the densities of the soil and 
water, respectively, 𝑅𝑅 is gravitational acceleration, D50 is the mean grain size of the soil, and ν is the 
kinematic viscosity of water. 

As seen in Figure 4 for Soil 1 and Soil 2, the bed material gradation was no longer significantly 
coarsening (i.e., D50 was relatively constant) after the first flow, thus higher flow rate and shear stress 
resulted in higher sediment flux. For Soil 3 and Soil 4, the bed gradation was continuously coarsening for 
each flow. The increase in D50 resulted in a higher threshold shear stress and lower sediment flux. Thus, for 
Soil 3 and Soil 4, the effect of increasing flow rate and shear stress was outweighed by the effect of increased 
D50, resulting in an overall decrease in volumetric sediment flux, Qs. 

The coefficient of uniformity, Cu = D60/D30, provides a measure of the uniformity of a soil’s 
gradation, where D60 and D30 indicate the grain sizes at which 60% and 30% of the grains are finer, 
respectively. Smaller Cu indicates higher uniformity of the gradation, thus the effect of differently sized 
particles on mobility is small. Conversely, high values of Cu indicate the existence of grains in a wide range 
of sizes within a soil mixture, thus particle interlocking and exposure effects are more significant. 

Initially, Soil 1 and Soil 2 were both classified as well graded (i.e., Cu ≥ 3) as seen in Table 1. Soil 
3 and Soil 4 were poorly graded. These classifications align with the two trends observed in sediment flux 
(Figure 3). Cu was also computed for each gradation of soil in the flume before each test (Figure 7b). As 
seen in the figure, both Soil 1 and Soil 2 had relatively constant values of Cu. This indicates that the 
distributions of the grain sizes were only marginally affected by erosion. Therefore, after the initial washout 
during the first flow, those soils followed the traditional trend of increasing sediment flux with increasing 
flow rate and shear stress. On the other hand, Soils 3 and 4 experienced significant changes to Cu (Figure 
7b). This means that not only had the bed material gradation coarsened (as indicated by increasing D50, 
Figure 7a), but the grain size distribution between flows was dissimilar. Soil 3 had ever-increasing Cu, but 
Soil 4 showed a decrease in Cu after the second flow due to erosion of medium-sized soils, resulting in a 
gap-graded distribution. Generally, the significant changes in both D50 and Cu for Soil 3 and Soil 4 resulted 
in lower mobility even at higher flow rates and shear stresses.  
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Application of Existing Models 
To assess the relationship between the flow conditions and the sediment flux, an estimation of the applied 
bed shear stress must be made. For vegetated channels, Yang et al. (2015) showed that the applied bed shear 
stress can be estimated as: 
 

𝜏𝜏 = �
4𝜌𝜌𝑤𝑤𝜈𝜈𝑈𝑈
𝑑𝑑

,          𝑅𝑅𝑅𝑅𝑑𝑑 < 4/𝐶𝐶𝑓𝑓
𝜌𝜌𝑤𝑤𝐶𝐶𝑓𝑓𝑈𝑈2, 𝑅𝑅𝑅𝑅𝑑𝑑 ≥ 4/𝐶𝐶𝑓𝑓 

 
Equation 7.

where τ is the applied bed shear stress, ρw is the density of water, ν is the kinematic viscosity of water, U is 
the flow velocity, d is the diameter of the grass stems, Red is the stem Reynolds number based on d, and Cf 
is the bed friction coefficient. The stem Reynolds number is defined as: 

 
𝑅𝑅𝑅𝑅𝑑𝑑 = 𝑈𝑈𝑑𝑑

𝜈𝜈
 Equation 8.

 
The bed friction coefficient can be computed as in Julien (2010): 

 

𝐶𝐶𝑓𝑓 = �5.75 log �
2𝑏𝑏
𝐷𝐷50

��
−2

 
Equation 9.

where H is the average water depth. For all of the tests, Red is larger than 4/Cf. Therefore, τ = ρwCfU2 can 
be applied (see Equation 7). In this case, Yang et al. (2015) showed that the viscous sublayer is smaller than 
d/2, thus the impact of vegetation on bed shear stress is negligible. 

The Shields number, τ*, can then be evaluated as: 
 

𝜏𝜏∗ =
𝜏𝜏

𝜌𝜌𝑤𝑤𝑅𝑅𝑅𝑅𝐷𝐷50
 Equation 10.

It is convenient to define the bed load transport rate, qs, in terms of volumetric flux of bed material 
per unit channel width, b, as: 

 
𝑞𝑞𝑠𝑠 = 𝑄𝑄𝑠𝑠 𝑏𝑏⁄  Equation 11.

 
which is made dimensionless by: 
 

𝑞𝑞𝑠𝑠∗ =
𝑞𝑞𝑠𝑠

�𝑅𝑅𝑅𝑅𝐷𝐷503
 Equation 12.

 
Applied bed shear stress and sediment flux are correlated by a variety of methods (Einstein 1950; 

Brown 1950; Ashida and Michiue 1972; Fernandez and van Beek 1976; Engelund and Fredsoe 1976; Parker 
et al. 2003). Typically, the sediment flux is estimated as a function of the excess bed shear stress beyond a 
threshold shear stress (i.e., τ* - τ*

c) such as the formulation by Fernandez and van Beek (1976) that accounts 
for bed slope: 

 
𝑞𝑞𝑠𝑠∗ = 5.7(𝜏𝜏∗ − 𝜏𝜏𝑐𝑐∗)3/2 Equation 13.

 



 14 r3utc.psu.edu 
 

𝜏𝜏𝑐𝑐∗

𝜏𝜏𝑐𝑐𝑐𝑐∗
= cos𝜃𝜃 �1 −

tan𝜃𝜃
1.07

� 
Equation 14.

 
where τ*

c is the critical Shields number at which significant bed load transport begins, θ is the bed slope 
angle, and τ*

co is a reference Shields number. In their work, Fernandez and van Beek (1976) tested a range 
of soil types with varying grain size diameter and specific gravity and recommended values for τ*

co based 
on those parameters. For the soil characteristics in the present work, τ*

co = 0.038. Conversely, the formula 
in Einstein (1950) and Brown (1950) does not rely on a threshold condition nor consider the slope. It takes 
the form of 
 

𝑊𝑊𝑠𝑠
∗ = �2.15𝑅𝑅−0.391/𝜏𝜏∗ ,                     𝜏𝜏∗ < 0.18

40𝜏𝜏∗3,                      0.18 < 𝜏𝜏∗ < 0.52
 Equation 15.

Here, W*
s is the dimensionless mass sediment flux per unit width. W*

s is related to the volumetric sediment 
flux per unit width by 
 

𝑞𝑞𝑠𝑠∗ =
𝑊𝑊𝑠𝑠

∗𝜔𝜔
𝑅𝑅𝑅𝑅𝐷𝐷50

 Equation 16.

where ω is the grain's fall velocity, which can be approximated by (Rubey 1933) 
 

𝜔𝜔 = ��
2
3

+
36𝜈𝜈2

𝑅𝑅𝑅𝑅𝐷𝐷503
− �

36𝜈𝜈2

𝑅𝑅𝑅𝑅𝐷𝐷503
��𝑅𝑅𝑅𝑅𝐷𝐷50 

Equation 17.

The computed variables using the measured data and existing predictive equations are listed in 
Tables 3 and 4. These include the measured sediment fluxes, grain size diameters, and coefficients of 
uniformity. Also listed are the computed Shields numbers from Equations 7 and 10 and sediment fluxes 
using the Fernandez and van Beek (1976) formula (FvB, Equation 13) and Einstein (1950) and Brown 
(1950) formulas (EB, Equations 15 and 16). 

Figure 8 shows the computed dimensionless sediment flux per unit width, q*
s, based on the 

measured results for each test along with the values predicted using the FvB formula and the EB formula. 
Even with consideration of bed slope, the FvB formula generally overpredicts the sediment flux by one to 
two orders of magnitude. The EB formula underpredicts sediment flux severely for Soil 3 and Soil 4, but 
performs modestly well for Soil 1 and Soil 2. The mismatch between the predicted and measured results 
can be attributed to two possible reasons. Since particle mobilization depends on the balance of gravity and 
drag forces acting against resistive forces from the grains and vegetation, either the drag force induced on 
the grains is lower than expected due to altered flow conditions, or the resistive forces are higher than 
predicted. 

In the cases tested here, the water depth was shallow, and the density of the vegetation was large. 
The shallow depth did not provide sufficient vertical distance to entrain grains into the upper part of the 
water column to be transported above the grass, and the density of the vegetation resulted in limited 
transport pathways through the grass. Recall that for shallow submerged vegetation, there is no transport-
limiting, stem-scale turbulence (Ghisalberti and Nepf 2005; Ghisalberti and Nepf 2009), thus transport 
capacity is expected to be relatively high, similar to nonvegetated channels if the applied shear stress is 
properly estimated (see Equation 7). In the present work, the sediment flux was limited due to high 
vegetation density and obstructed transport pathways. If the vegetation density were smaller, the canopy-
scale turbulence within the grass layer would result in much higher sediment flux. Since the FvB equation 
was developed for nonvegetated flows, it may perform adequately well for shallow vegetation, since there 
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is no stem-scale turbulence. However, it does not account for the limited transport capacity through dense 
vegetation. Thus, the FvB equation severely overestimated the transport capacity (see Figure 8). 

Table 3. Computed variables based on the measured results. 

Test 
Qs x 106 (m3/s) 

(Eq. 2) 
qs x 106 (m3/s/m) 

(Eq. 11) 
Measured q*s x 103 

(Eq. 12) D50 (mm) 
Cu 

(D60/D30) 
1 1.099 1.803 9.558 0.00156 27.18 
2 0.253 0.414 2.205 0.00155 27.01 
3 0.703 1.153 6.417 0.00151 26.48 
4 1.195 1.960 11.649 0.00144 26.05 
5 0.164 0.268 1.156 0.00144 27.04 
6 0.017 0.028 0.122 0.00144 27.04 
7 0.013 0.022 0.094 0.00144 27.05 
8 0.044 0.073 0.307 0.00145 26.96 
9 1.075 1.763 16.910 0.00088 14.04 
10 0.690 1.132 8.740 0.00101 15.87 
11 0.557 0.914 5.959 0.00114 17.62 
12 0.395 0.648 3.798 0.00122 18.95 
13 2.941 4.825 39.841 0.00098 13.31 
14 1.012 1.661 11.514 0.00110 15.38 
15 0.776 1.273 8.011 0.00117 8.92 
16 0.560 0.919 5.984 0.00115 8.99 

 

 
Figure 8. Measured dimensionless sediment flux and the predicted values using  

Equations 13 (FvB), 15 and 16 (EB), and 19 (R) for each soil type. 
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Table 4. Computed variables based on the predictive equations. 

Test 
Cf 

(Eq. 9) 
Red 

(Eq. 8) 
τ (kg/m/s2) 

(Eq. 7) 
τ* 

(Eq. 10) 

q*s (FvB) 
x 103 

(Eq. 13) 
ω 

(Eq. 17) 
W*s 

(Eq. 15) 

q*s (EB)  
x 103 

(Eq. 16) 
1 0.0106 1255 1.854 0.126 180.71 0.095 0.0974 0.7504 
2 0.0106 1410 2.337 0.160 278.06 0.095 0.1858 1.4315 
3 0.0102 1704 3.298 0.232 533.31 0.093 0.5014 3.8549 
4 0.0094 1683 2.969 0.218 480.45 0.091 0.4169 3.1966 
5 0.0115 1404 2.512 0.096 105.86 0.128 0.0371 0.2880 
6 0.0100 1356 2.040 0.078 67.50 0.128 0.0144 0.1120 
7 0.0098 1534 2.564 0.098 110.03 0.128 0.0400 0.3107 
8 0.0093 1617 2.708 0.103 120.49 0.129 0.0477 0.3700 
9 0.0080 1294 1.496 0.106 128.44 0.090 0.0537 0.4009 

10 0.0080 1329 1.571 0.096 105.77 0.099 0.0370 0.2804 
11 0.0083 1424 1.872 0.102 120.09 0.105 0.0474 0.3616 
12 0.0083 1605 2.383 0.122 167.72 0.110 0.0861 0.6604 
13 0.0080 883 0.693 0.045 14.89 0.095 0.0004 0.0028 
14 0.0084 1295 1.571 0.091 94.34 0.102 0.0295 0.2242 
15 0.0089 1702 2.856 0.155 264.54 0.106 0.1735 1.3268 
16 0.0083 1617 2.422 0.135 203.75 0.104 0.1180 0.9010 

 
A modified EB model was applied to a vegetated channel in Yang and Nepf (2018) with some 

success. Thus, in applying the model here, similar considerations were made to the calculation of the bed 
shear stress to account for drag due to vegetation (see Equation 7). However, in that study, the density of 
the vegetation was relatively small, with a maximum stem density of a = 5.1 m-1, and the soil median grain 
size was 0.5 mm. Thus, the effect of limited transport pathways through the vegetation was not as evident 
as it is in the present tests with a much higher stem density (a = 63.5 m-1) and larger median grain sizes 
(ranging from 0.69 mm to 1.56 mm). Additionally, the EB formula does not explicitly account for bed 
slope. For steep slopes, the normal component of the gravity force is relatively small, resulting in lower bed 
friction. Thus, the EB model underpredicts resistance due to obstructed transport pathways, but over-
predicts resistance associated with friction. Nevertheless, reliance on a critical threshold stress, as in the 
FvB model, introduces additional parameterization. Therefore, the EB formula can be a useful basis for a 
modified predictive equation with a modified Shields number.  

Reduction of Applied Shields Number 
The real Shields number for each test associated with the measured sediment flux can be backcalculated 
from the EB formula (Equation 15). Then, considering the mechanisms described above, dimensionless 
terms associated with each mechanism are defined as follows:  
 

𝑋𝑋1 =  
𝑈𝑈

�𝑅𝑅𝑏𝑏
,  𝑋𝑋2 = 𝑅𝑅,𝑋𝑋3 =

𝐷𝐷50
𝑑𝑑0

,  𝑋𝑋4 = 𝐶𝐶𝑢𝑢,  𝑋𝑋5 =  𝜏𝜏∗,  𝑋𝑋6 = 𝜃𝜃 Equation 18.

where X1 is the Froude number, which relates inertial forces to gravitational forces acting on the fluid; X2 
is the submerged specific gravity, which relates to a particle’s trajectory in submerged conditions; X3 
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accounts for the ability of grains to pass between individual grass elements, where d0 is the average spacing 
between stems along the flume’s cross-sectional direction; X4 accounts for the uniformity of the grain size 
distribution of the bed material; X5 is the applied Shields number as computed for other formulas from 
Equations 7 and 10; and X6 is the fractional bed slope, which correlates to the magnitude of bed friction and 
is not explicitly included in the EB formula. 

Due to the nonlinear dependence of the Shields number on all of the discussed mechanisms, it may 
be difficult to propose a general functional form. In this work, a simple regression analysis was performed 
to find the reduced applied Shields number, which can best match the experimental data. The regression is 
based on the following form: 

 
𝜏𝜏𝑟𝑟∗ = 𝐴𝐴(𝑋𝑋1)𝛼𝛼(𝑋𝑋2)𝛽𝛽(𝑋𝑋3)𝛾𝛾(𝑋𝑋4)𝛿𝛿(𝑋𝑋5)𝜀𝜀(𝑋𝑋6)𝜁𝜁 Equation 19.

 
where the constants and exponents can be determined using multivariate nonlinear regression and matching 
τ*

r to the expected applied Shields number backcalculated from the EB formula. In the present work, only 
a single bed slope was tested. Thus, X6 is constant, and (X6)ζ is absorbed into the coefficient, A. The fit 
parameters are (A, α, β, γ, δ, ε) = (0.023, 0.036, -0.462, -0.475, -0.091, -0.091). 

As each term (e.g., X1
α) in Equation 19 deviates from unity, its significance increases. Thus, the 

sum-of-square error for each term and each test can be used to identify insignificant terms. For example, 
the error, E1, for the term X1

α can be computed as 
 

𝐸𝐸1 = �(𝑋𝑋1𝛼𝛼1)2
𝑐𝑐

 Equation 20.

where c represents the set of tests. A similar method is used to compute the sum-of-square error for all 
terms. Figure 9 shows the squared error from each test used to evaluate Equation 20 along with the sum-
of-square error for each term. Note that lower values indicate less significance. 
 

 
Figure 9. Squared error from unity for each test and term (symbols), and the sum-of-squares  

error for each term (lines). Lower values indicate less significance in Equation 19. 

Most of the dimensionless variables showed relatively consistent levels of significance across all 
tests. However, X2 = R was far less significant for Soil 1 (tests 1-4) than for the other three soils. This is due 
to the density of Soil 1, which resulted in the lowest submerged specific gravity, R = 0.96. The other soil 
grains were relatively heavy and could only transport between grass elements. Since Soil 1 particles were 
light, there was a higher likelihood that grains were able to elevate above the grass and transport 
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downstream, resembling phenomena observed in previous studies. So, a correction for the particle’s 
trajectory based on its submerged specific gravity (indirectly its fall velocity) is less important for Soil 1. 

X3 = Cu has the highest significance by approximately one order of magnitude. This highlights the 
importance of including effects of soil size nonuniformity in applying predictive formulas for densely 
vegetated channels. The exposure and interlocking mechanisms described have a significant impact on 
sediment mobility through dense vegetation. 

X1 has less significance than the other dimensionless terms. The flow variables are included in X5 
= τ* = CfU2/(R𝑅𝑅D50), in which the water depth is embedded in the calculation of Cf. Since X1 is two to three 
orders-of-magnitude less significant than the other dimensionless terms, it can be removed from the 
approximation. After neglecting X1, the coefficient and exponents in Equation 19 are refit to the data. The 
final multivariate regression has the form of 

 

𝜏𝜏𝑟𝑟∗ = 0.024(𝑅𝑅)−0.444 �
𝐷𝐷50
𝑑𝑑0

�
−0.464

(𝐶𝐶𝑢𝑢)−0.090(𝜏𝜏∗)−0.073 
Equation 21.

 
The modeled sediment flux using τ*

r is included in Figure 8. In general, Equation 21 dramatically 
outperforms the other two methods when compared to the experimental data. This is particularly evident 
for Soil 3 and Soil 4. In those cases, the previous formulas could not capture the trend nor values of sediment 
flux, whereas Equation 21 captures both. For Soil 1 and Soil 2, on the other hand, there was only modest 
improvement to the predictions. It can be concluded that if there is significant coarsening of the bed 
material, the present model works exceptionally well. In contrast, if there is little sediment mobilized and 
little evidence of bed coarsening, then either the EB or the present formula performs equally well. However, 
it is likely unknown a priori if significant mobility is expected. Thus, the present formula is still favorable 
over EB. 

Based on the analysis conducted in the present tests, it can be concluded that soils with a coefficient 
of uniformity less than approximately 20 may have a more pronounced change in gradation, and the present 
formula can capture the magnitude and trend of sediment flux. If Cu is larger than 20, there is more 
interlocking of grains, less sediment mobility, smaller change in bed material gradation, and the benefit of 
the present formula diminishes as compared with the EB model.  
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C H A P T E R  5  

Recommendations and Conclusions 

SUMMARY OF FINDINGS 
It was found that all four of the infill soils had artificially high sediment mobility at the initial, low flow 
rates. This is due to the unusually high exposure of particles that had not yet self-sorted between the grass 
elements. The sediment flux results indicated two regimes. Soils with lower coefficient of uniformity (such 
as lower than 20) underwent significant changes in gradation and median grain size. Those soils resulted in 
lower mobility even at progressively higher shear stresses. Conversely, soils that had little change in 
gradation showed the traditional trend of increased sediment transport with increased shear stress after the 
initial washout described above. 

As the coefficient of uniformity increased, grain interlocking and exposure effects became more 
pronounced, thus limiting the sediment transport rate. Furthermore, since the depth of flow was small, 
grains were largely unable to elevate above the grass to transport downstream, and transport was limited to 
pathways between grass elements. Thus, as the median grain size of the bed material became coarser, 
transport pathways through the vegetation elements became less passable and sediment flux decreased. 

Existing formulas performed poorly in predicting sediment flux even when bed material coarsening 
and bed slope were taken into consideration. The Fernandez and van Beek (1976) formula that accounts for 
bed slope was not developed for vegetated channels and severely overpredicts sediment fluxes by one to 
two orders of magnitude. The Einstein (1950) and Brown (1950) formula generally underestimates the 
sediment flux, since it does not account explicitly for steep bed slopes and the associated change in 
gravitational forcing. The EB model performed relatively well for two of the soils but could not capture the 
trend nor the magnitude of sediment flux for the soils that experienced significant changes to gradation. 

A reduced bed shear stress equation is presented that accounts for the altered fall velocity of grains 
of different density, the physical obstruction of soil by the grass blades, and the bed material gradation via 
dimensionless terms. By multivariate nonlinear regression, the proposed equation was fit to the 
experimental data. For the tests that were unable to be captured by the Einstein (1950) and Brown (1950)  
formula, the proposed model matched the data exceptionally well in terms of the trend of sediment flux 
versus flow rate and in terms of the values of those parameters. From the fit data, it was found that the 
coefficient of uniformity has the highest significance in the prediction when compared with the other terms. 
Generally, soils with low coefficient of uniformity show a more pronounced change in gradation under 
hydraulic shear, and the presented model can capture the trend well. Soils with larger coefficient of 
uniformity have larger effects of interlocking and grain exposure, less sediment mobility, minimal change 
in bed material gradation, and the improvement in prediction of the present formula diminishes when 
compared to that of Einstein (1950) and Brown (1950). The proposed equation and the description of the 
transport phenomena can inform designers and restoration specialists on the effect of varying flow 
conditions over sand infills through dense vegetation. 
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